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HYpatia

- In previous talks we introduced our generic interior point solver
Hypatia

- Hypatia allows users to define their own exotic cones

- We confine exotic cones to those for which we have analytic
oracles

- We call cones that other solvers know how to optimize over the
standard cones



Standard cones: Exotic cones:

1. ¢ /¢;-norm cones

1. R,

2. Generalized power cone
2. Sy

3. Sum-of-squares
3 {(u,w) s u > ||wl|} i

) polynomials
4, 2uv = [
{(u,v,w) : 2uv > [lw||?} 4. Sparse PSD matrices
>

5 {(u,v,w) s u > vexp(w/v)} 5. LMI cone
6. {(u,v,w): |w| < ux'—<}
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- More specialized cones — smaller, natural formulations that are
faster to solve and simpler to write (see
https://arxiv.org/abs/2005.01136)
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A separable spectral function cone

Cones that look like this:

K = cl{(u,v, W) € R x Ry x ST : u > vo(W/v)}

+ (v, W) — vio(W/v) is the perspective function of ¢
- is a separable spectral function and convex on S,

- For this talk, think of spectral functions as function of
eigenvalues of a matrix

(W) = 32 h(N(W)) = tr(h(W))
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A separable spectral function cone

K =cl{(u,v,W) e Rx R4 x ST : u> vip(W/v)}

h(w) = — log(w) ©(W) = — logdet(W) u > —vlogdet(W/v)
h(w) = wlog(w) e(W) = tr(Wlog(W)) u > tr(Wlog(W/v))
h(w) = wP o(W) = tr(WP) u > tr(WP/vP1)



Extended formulation

Suppose p(W) = f(A(W)). From Ben-Tal and Nemirovski [2,
Proposition 4.211.]:

(u,v, W) e K
(3

X, Xy, Vo
u > vf(x/v)
X1 2 X2 ... 2 Xd

S W) < S xi, Vjien,...d
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A barrier function

K =c{(u,v,W) e Rx Ry ; x ST : u> vip(W/v)}

- fis v-logarithmically homogeneous if f(6w) = f(w) — v log(#) for
allg e R

- The “obvious” guess for a barrier is:
M(u,v,W) = —log(v) — logdet(W) — log(u — vip(W/Vv))

- [ is logarithmically homogeneous with parameter 2 + d, but we
also need self-concordance

- [V3r(x)[h, h, h]] < 2V2T(x)[h, h]*/2 for all x, h



When is the barrier SC?

Definition . o
h is matrix monotone if wy = w, implies h(w;) = h(w,) for all

wi, w, € SY for all integers d.

- Eg W~ —W~"is matrix-monotone

- BEg. W exp(W) is monotone, but not matrix-monotone



When is the barrier SC?

Definition
h is matrix monotone if wy = w, implies h(w;) = h(w,) for all

wi, w, € SY for all integers d.

- Eg W~ —W~"is matrix-monotone
- BEg. W exp(W) is monotone, but not matrix-monotone

We will now require that (W) = tr(h(W)) is such that h’” is matrix
monotone.



When is the barrier SC?

Let:
S={(u,W):u>epW)}
K is the conic hull of S.

Faybusovich and Tsuchiya [4] showed that under the same
conditions, S admits the (1+ d)-self-concordant barrier:

(U, W) > — logdet(W) — log(u — o(W)).

Modified result by Nesterov and Nemirovskii [5, Proposition 5.1.4]
gives an LHSCB with parameter 9.48(1+ d) for K.


https://pubsonline.informs.org/doi/abs/10.1287/moor.2022.1324
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When is the barrier SC?

Let:
§={(uW): u> W)}

K is the conic hull of S.

Faybusovich and Tsuchiya [4] showed that under the same
conditions, S admits the (1+ d)-self-concordant barrier:

(U, W) > — logdet(W) — log(u — o(W)).

Modified result by Nesterov and Nemirovskii [5, Proposition 5.1.4]
gives an LHSCB with parameter 9.48(1+ d) for K.

Theorem
linisa(2+ d)-LHSCB for K.

Proof.
See https://pubsonline.informs.org/doi/abs/10.1287/

moor.2022.1324. O
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NB: a newer result

Newer result by Fawzi and Saunderson [3] implies

- [ is self-concordant for matrix-convex h (rather than
matrix-monotone h’)

- 2+ d is the optimal barrier parameter



The dual cones

- Adding a cone in Hypatia makes both primal and dual available
- Let:
©"(R) = supyo{ (W, R) — (W)}
- Then:
K* = cl{(u,v,W) : u > 0,v>up*(W/u)}

- This is a consequence of Rockafellar [6, Theorem 14.4] and Zhang
[7, Theorem 3.2]

- If ¢ = tr(h(W)) then ¢* = tr(h*(W)) due to [1, Lemma 29 and
Theorem 30]



function h h’ dom(h*) h*
Neglog — log(x) =5t R,y —1 — log(x)
NegEntropy xlog(x) 14+ log(x) R exp(—1—x)
NegSqrt —VX  =IxT?2 Ry o
NegPower, p € (0,1)  —xP —pxP~" Ry —(p —M)(x/p)?
Power, p € (1,2] XP pxP~ R (p = N)(x-/p)?

g =p/(p—1)and x_ := max(—x, 0)

1






Hypatia’s generic cone

julia @

~ Community Do you want live notifications when people reply to your posts? Enable Notifications X
& Eveniing
2 MyPosts How to optimize trace of matrix inverse with JuMP or Convex?

' Specifc Domains m Optimizaton (Mathematical) | question | optimization
t More
+ Categories @ biona00t
W Announcements Hi community, 17
0 Rrtodrin Iwant to minimize tr(S 1) + tr((A — S) !) such that § = 0.and A — S = 0 (S is the optimization
M General Usage matrix, A is some fixed positive definite matrix)
0] @ty | tried using JuMP + Hypatia:
= Al categories using Hypatia, JuMP

p=5

v Messages x = randn(o. o)



Hypatia's generic cone

import Hypatia

import Hypatia.Cones.EpiPerSepSpectralCone
import Hypatia.Cones.NegSqrtSSF

import Hypatia.Cones.MatrixCSqr

using JuMpP

model = Model(Hypatia.Optimizer)

avariable(model, x[1:3])

cone = EpiPerSepSpectralCone{Float64}(NegSqrtSSF(),
MatrixCSqr{Float64, Float64}, 1, true)

@constraint(model, x in cone)
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For

M(u,v, W) = —log(u — vp(W/Vv)) — log(v) — logdet(W),



For
M(u,v, W) = —log(u — vp(W/Vv)) — log(v) — logdet(W),
[(Voluy VPTuy . VP
VAT YVlyy  coa Vollp
ViIr=| : =
Vz rW7u VZ rW’\/ vz rW,W




Volyu=(72
Vol =—( 0,
Vlwu = =V,
Vol =v 2+ (0% + v I V2 w/v, wyv,
Vol yy =20V — v ¢ 'Vipw)/V],
Vlyw = 2(Ve)(Ve) +v ¢ V2o + W oW
= (4(Vp) (V) + (G ® G) Diag(vec(M))(G ® GY'.
where:
©(=u—vp(W/v)
©o=¢— Volw/V]
* W= GDiag(A)G'
. Mi,jZV_1C_1M+/\ 1/\ 1
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Vlyu=¢72,
VT, = —( o,
Vilwu = —(*Vy,
Vol =V 24+ (20 + v I Viw/v, W/,
VT = (T2aVp — v (T VPp[w/V),
VTww = (V) (Vo) +v ¢ Vi + W o W'
= ((Ve)(Ve) + (G ® G) Diag(vec(M))(G ® G)'.

Note that:
(G ® G) vec(R) = vec(G'RG)
((G ® G) Diag(vec(M))(G ® G)’)f1 = (G ® G) Diag(vec(M))™ (G ® G)’



The inverse Hessian

where:

<
N
=
SR
Il
Q
+
=z
=
~
2

(Vzr);vf = kyyy' + (G ® G) Diag(vec(M))™"(G ® GY'.

a = (G ® G) Diag(vec(M)™" - V¢)(G ® G)’

B = (a, Vo)
7 := (G ® G) Diag(vec(M)™" - V?¢[w])(G ® G)’



TOO

For T := —31V°r[5,6] with 6 = (p, g, r):

Tu = (7 + JWCT2V20lE, €], (7a)
Ty = —Tyo — tr(1 0 W/V) + 3¢ V20[€, €] + ¢°v 2, (7b)
Tw=-T,;Vo+7+W RWTRW. (7¢)

Where:
E=v(r—qv'w)
r =2+ v )Vl - 20TV ]
X=p—qo—Ve[

Most expensive part is done in O(d?).

19



Conclusions

- We have a general class of cones for which the “obvious” barrier
is self-concordant
- The “separable spectral function” cone has highly structured
oracles
- Main block in the Hessian is a Kronecker plus a rank one term (or a
diagonal plus rank one for vector analogs)

- Inverse Hessian has the same structure as the Hessian (good news
for the dual cones)

20



Appendices




Constants for the inverse Hessian

Ry =0+ (Ve)[y]

o R

© 2+ Vyla]

Ry = Vv + ok Z(V_U\i + ki — 7)) (V2h)ix,
i

kz, = (k3 — /’(’qkz)_“
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